We classify free actions of finite groups on the 3-torus, up to topological conjugacy. By works of Bieberbach and Waldhausen, this classification problem is reduced to classifying all normal free Abelian subgroups of affine Bieberbach groups with finite quotients, up to affine conjugacy. A complete classification of all such groups is obtained by utilizing Lee-Shin-Yokura's method [Topology Appl. 53 (1993) 153-175]. Thereby this gives a complete classification of free actions of finite groups on the 3-torus, up to topological conjugacy.  2002 Elsevier Science B.V. All rights reserved.
Introduction
Free cyclic and finite Abelian actions on the 3-torus were studied in [4, 5] , respectively. In this paper we study free, finite group actions on the 3-torus by utilizing Lee-Shin-Yokura's method [5] and classify all such group actions, up to topological conjugacy. Recalling some facts from the Introduction of [5] we let G be a finite group acting freely on a 3-torus T . Then M = T /G is a topological 3-manifold, and Γ = π 1 (T /G) is an abstract Bieberbach group. Let N be the subgroup of Γ corresponding to π 1 (T ). Let Γ be an embedding of Γ into E(3) = O(3) R 3 , the group of isometries of R 3 , as a cocompact subgroup, and let N be the image of N . Then the quotient group G = Γ /N acts freely on the flat torus T = R 3 /N . Moreover M = T /G is a flat Riemannian manifold. Thus a finite free topological action (G, T ) gives rise to an isometric action (G , T ) on a flat torus. Since M and M are sufficiently large [3, Proposition 2] , by works of Waldhausen and Heil [2, Theorem A], M is homeomorphic to M .
Definition. Let G i be groups acting on manifolds M i for i = 1, 2. The action (G 1 , M 1 ) is topological conjugate to (G 2 , M 2 ) if there exist an isomorphism θ : G 1 → G 2 and a homeomorphism h : M 1 → M 2 such that h(g · x) = θ(g) · h(x) for all x ∈ M 1 and all g ∈ G 1 .
Thus a finite free topological action (G, T ) gives rise to a topologically conjugate isometric action (G , T ) on a flat torus T . Such a pair (G , T )
is not unique, however, all such pairs are topologically conjugate to each other by the Second Bieberbach theorem, cf. [6, Theorem 3.2.2] . Consequently, to classify all free actions by finite groups on a 3-torus, it is enough to classify only free isometric actions by finite groups on a flat torus.
When Γ ⊂ Aff(3) acts properly discontinuously and freely on R 3 , the manifold R 3 /Γ is called an affinely flat manifold. Two affinely flat manifolds R 3 /Γ and R 3 /Γ are affinely diffeomorphic if there is an affine diffeomorphism between them. This is equivalent to saying that there is an element of Aff(3) which conjugates Γ onto Γ . An abstract Bieberbach group Γ which is embedded in Aff(3) in such a way that R 3 ∩ Γ is a lattice in R 3 is called an affine Bieberbach group. We will use affinely flat manifolds rather than flat Riemannian manifolds in the future discussions for simplicity. To justify this, we recall the following theorem.
Theorem [5, Theorem 0.2] . Two affine Bieberbach groups on R n are isomorphic if and only if they are conjugate by an element of Aff(n). Now we list all the 3-dimensional affine Bieberbach groups. In fact, there are six orientable ones and four nonorientable ones, see [6, Theorems 3.5.5 and 3.5.9] or [5] . Some of them are not in E(3), but they can be conjugated into E(3).
List (A). Presentations of 3-dimensional affine Bieberbach groups:
(1) G In Section 1, all necessary basics and ideas for our classification problem are explained. In subsequent sections, hard cases are worked out in detail; namely, actions (G, T ) whose orbit spaces T /G are homeomorphic to R 3 /G 2 , R 3 /G 3 , R 3 /G 4 , R 3 /G 6 or R 3 /B 2 are worked out. In the last section, we complete the remaining classification. This work contains the results of [5] as corollaries, and corrects some errors there. For further background for this and subsequent sections we refer the reader to [5] .
The authors would like to credit Lee, Shin and Yokura, whose work provided the main motivation for this paper. As we adopt their method, we quote most of the Introduction and Section 1 of their paper [5] in our Introduction and Section 1 for the reader's conveniences.
Criteria for affine conjugacy
In this section, we develop a technique for finding and classifying all possible group actions on a 3-torus. The problem will be reduced to a purely group-theoretic one and we first recall some facts from [5] Section 1.
Definition. Let Γ ⊂ Aff(3) be an affine Bieberbach group, and let N 1 , N 2 be subgroups of Γ . Then (N 1 , Γ ) is affinely conjugate to (N 2 , Γ ) if there exists an element σ ∈ Aff(3) such that σ ∈ N Aff(3) (Γ ), the normalizer of Γ in Aff(3), and σ N 1 σ −1 = N 2 .
Let (G, T ) be a free affine action of a finite group G on a flat torus T . Then T /G is an affinely flat manifold. Let Γ = π 1 (T /G) and N = π 1 (T ). Then Γ is an affine Bieberbach group and N is a normal free Abelian subgroup of Γ . Since the group of pure translations in Γ , Z = Γ ∩ R 3 , is the unique maximal normal free Abelian subgroup of Γ , the normal free Abelian subgroup N must be in Z.
Our classification problem of free group actions (G, T ) with π 1 (T /G) ∼ = Γ can be solved by the following two steps:
(I) Find all normal free Abelian subgroups N of Γ of finite index and classify (N, Γ ) up to affine conjugacy. (II) Realize the finite group Γ /N as an action on the torus R 3 /N . Let Γ ⊂ Aff(3) be an affine Bieberbach group. Then Z = t 1 , t 2 , t 3 is the maximal normal free Abelian subgroup of Γ . Let N be a subgroup of Z of rank 3 which is normal in Γ . Then we can choose an ordered set of generators for N of the form
We represent the basis B of N as The following is a list of the linear parts of N Aff(3) (Γ ), denoted by L(N Aff(3) (Γ )), for all 3-dimensional affine Bieberbach groups [5] .
List (B). Linear parts of N Aff(3) (Γ ):
(1) G 1 : GL(3, Z).
.
 and the permutation group S 3 acts on (Z/2) 3 naturally.
The first part (I) can be done by the following procedure.
"Reduction Procedure". Let Γ be an affine Bieberbach group and let N be a subgroup of Z of finite index. Let [B] be an ordered set of generators for N so that ∼ to eliminate affinely conjugate matrices until each matrix is not affinely conjugate to the other matrices. Hence we obtain a complete list of representatives of affine conjugacy classes of normal free Abelian subgroups of Γ with finite index. Note that For the second part (II) "Realization", we just follow [5, Procedure 1.3] . This process involves many matrix calculations. We have done this by using MATHEMATICA [7] .
Free action of finite groups
Let N be a free Abelian subgroup of G 2 with finite index.
, the first row of
is unaltered up to sign by the row operations It follows that q = −1, r = 0, y = 0, z = −1 and k , k = 0 or 
In the following proposition, we show exactly when affine conjugacy occurs between those 4 types of matrices.
Proposition 2.3.
(1)
Since umn = xn = 0, we have u = x = 0 and p = 1. Since 0 = rk + z k 2 and vz − wy = ±1, we have z = −2r is even and y is odd. Since y = cm, m is odd.
Conversely, suppose that m is odd. Then 
and 
By the same argument as in the proof of (2), we obtain u = x = 0, p = 1 and k = k 1 . Thus we have amn = vm 1 n 1 , bn = wm 1 n 1 , cmn = yn 1 . Since n | yn 1 and n | zn 1 , and since vz − wy = ±1, we have gcd(y, z) = 1 and so n | n 1 . Similarly n 1 | n, and hence n = n 1 .
Since the determinant is unaltered under
∼ , we have kmnn = k 1 m 1 n 1 n 1 and so m = m 1 . By (1) and (2) , it suffices to check the case that k = k = 0. Suppose k = k = 0. Then we have
Since vz − wy = ±1, we have Table 1 Type Generators Relators a Conditions
Proposition 2.4. A free Abelian subgroup N of G 2 with finite index is a normal subgroup if and only if it is affinely conjugate to exactly one of the following groups:
Proof. Follows from Propositions 2.2 and 2.3. ✷ Theorem 2.5. Table 1 gives a complete list of free actions (up to topological conjugacy) of finite groups G on T which yield a homeomorphism
The free actions of
given by A 3 , S 3 , T 3 :
Proof. It remains to realize the action of G 2 /N on R 3 /N as an affine action on the standard torus. For example, let N = N 2 and we just follow Procedure 1.3 or the proof of Theorem 2.1 of [5] . Since G is generated by the images A, S and T of α, t 2 and t 3 , respectively, it is enough to calculate conjugations of α, t 2 and t 3 by (N 2 , 0). For Table 2 Abelian groups G Affine conjugacy classes of normal free Abelian subgroups
Thus for the pair (N 2 , G 2 ) we get an affine action of G 2 /N 2 on the standard torus:
The other cases can be done similarly. ✷
Recalling that G 2 /N is Abelian if and only if
, we obtain the following result, which is the same as Theorem 2.1 of [5] . Now we consider the solvability of the quadratic congruence x 2 − x + 1 ≡ 0 (mod m) where m > 1 is odd, and finding its solutions, when it is solvable.
Corollary 2.6. Table 2 gives a complete list of free actions (up to topological conjugacy) of finite Abelian groups G on T which yield a homeomorphism T /G
≈ R 3 /G 2 .
Free action of finite groups G on T with π 1 (T /G) = G 3 Proposition 3.1. Let N be a free Abelian subgroup of G 3 with finite index so that it is represented by a matrix of the form
k k k 0 m m 0 0 n . If N is a normal subgroup of G 3 , then n | m, n | m , and (i) ( m n ) 2 − m n + 1 ≡ 0 (mod m n ), (ii) k = 0,α t k 1 t m 2 α −1 = t k 1 t m 3 = t pk+qk +rk 1 t qm+rm 2 t rn 3 , α t k 1 t m 2 t n 3 α −1 = t k 1 t −n 2 t m −n 3 = t xk+yk +zk 1 t ym+zm 2 t zn Since m = rn, 0 = qm + rm and k = pk + qk + rk , we have r = m n , q = − m n and pk = (1 + m n )k − m n k . Since m − n = zn, −n = ym + zm and k = xk + yk + zk , we have z = m n − 1, y = − 1+m /n(m /n−1) m/n and xk = 1+m /n(m /n−1) m/n k + (2 − m n )k . Hence we have 1 + m n − m n 1+(m /n)(m /n−1) m/n 2 − m n k k = pk xk or 3k 3k = (2 − m n )pk + m n xk − 1+(m /n)(m /n−1) m/n pk + (1 + m n )xk . Since 0 k , k < k, we must have (ii) k = 0, k k k 0 mn hn 0 0 n   , where k , k = 0, k 3 or 2k 3 , 0 h < m and h 2 − h + 1 ≡ 0 (mod m). Since h 2 − h + 1 ≡ h(h − 1) + 1 ≡ 0 (mod m),
Proposition 3.2. If m > 1 is odd, then the following are equivalent:
, where k 0 = 0 or 1, and the p i are odd primes of the form 6 + 1.
(1) 2m − h ∈ 3Z + 1 and
(2) m − 2h ∈ 3Z + 2 and 2
Proof. We prove (1). The proof of (2) is similar to that of (1) and we omit it. Suppose h ≡ 0 (mod 3). Then m ≡ 2 (mod 3), and so m ≡ 2 or 5 (mod 6). But as
Then m ≡ 0 (mod 3) and (
, where k ∈ 3Z, and m, n ∈ N.
Proof. By Proposition 3.1, we need to check when there exist integers p and x satisfying
The observations (a) ∼ (i) yield 9 types of matrices representing N .
Next we show exactly when affine conjugacy occurs between those 9 types of matrices. Since L(N Aff(3) (G 3 )) is a finitely generated (in fact, finite) group, it suffices to consider only generators of L(N Aff(3) (G 3 )) for the row operations on the 9 types of matrices representing N . Recall
In fact, we can show that for any . We will show this in the following Lemma 3.5. We note in (2) of Lemma 3.5 that
In all, the proposition is proved. ✷ 
(Then they generate L(N Aff(3) (G 3 )).) Let t and t 1 be integers such that h
3 ), and 
Since 
. Then by (b) in the proof of Proposition 3.4, m ∈ 3Z, h ∈ 3Z + 2 and thus
The other cases can be proved immediately. 
Then we have k = k 1 , m = m 1 , n = n 1 , p = −1, u = x = 0 and also
Since
By the similar argument used in the proof of the second half of (1), we obtain the desired result. ✷ Theorem 3.6. 
given by A 2 , S 2 , T 2 :
given by A 3 , S 3 , T 3 : 
and ( * * * ): 
given by A 5 , S 5 , T 5 :
given by A 6 , S 6 , T 6 : Table 4 Abelian groups G Affine conjugacy classes of normal free Abelian subgroups
given by A 7 , S 7 , T 7 :
Recalling that G 3 /N is Abelian if and only if
3 , we produce the following result. Note that the corresponding result in [5] is Theorem 7.1, in which N 2 is not a normal subgroup of G 3 . 
Corollary 3.7. Table 4 gives a complete list of free actions (up to topological conjugacy) of finite Abelian groups G on T which yield a homeomorphism T /G
≈ R 3 /G 3 .
Free action of finite groups G on T with π 1 (T /G) = G 4 Proposition 4.1. Let N be a free Abelian subgroup of G 4 with finite index so that it is represented by a matrix of the form
k k k 0 m m 0 0 n . If N is a normal subgroup of G 4 , then n | m, n | m , and (i) ( m n ) 2 + 1 ≡ 0 (mod m n ), (ii) k = 0 or
Proposition 4.2. A free Abelian subgroup N of G 4 with finite index is a normal subgroup if and only if it is affinely conjugate to exactly one of the following groups:
, where k ∈ 2N and n ∈ N.
Proof. By Proposition 4.1, we need to check when there exist integers p and x satisfying
for each of the cases (κ , κ ) = (0, 0), (0, 1), (1, 0) and (1, 1). Observe that: 
Moreover we note in (5)- (8) 
given by A 2 , S 2 , T 2 : Table 6 Abelian groups G Affine conjugacy classes of normal free Abelian subgroups
given by A 4 , S 4 , T 4 :
Recalling that G 4 /N is Abelian if and only if
3 , we obtain the following result. Note that the corresponding result in [5] is Theorem 5.1, in which N 2 = α 4k , t 2 2 , α 2k t 3 is not a normal subgroup of G 4 . 
Corollary 4.4. Table 6 gives a complete list of free actions (up to topological conjugacy) of finite Abelian groups G on T which yield a homeomorphism T /G
≈ R 3 /G 4 .
Free action of finite groups
, there exist integers e, f, g such that
. 
Next we show exactly when affine conjugacy occurs between matrices of the above 6 types. Recall that L(N Aff(3) (G 6 )) = (Z/2) 3 S 3 . The effect of row operations by elements of (Z/2) 3 is multiplying the rows by ±1. Since S 3 is generated by Table 7 Type Generators Relators a Conditions
given by A 2 , B 2 , C 2 :
given by A 3 , B 3 , C 3 :
given by A 4 , B 4 , C 4 :
Recall that G 6 /N is Abelian if and only if
3 , and then obtain the following result, which is the same as Theorem 6.1 of [5] .
Corollary 5.3. Table 8 gives a complete list of free actions (up to topological conjugacy) of finite Abelian groups G on T which yield a homeomorphism T /G ≈ R 3 /G 6 . Table 8 Abelian groups G Conjugacy classes of normal free Abelian subgroups 
where k = 0 or m and
where k = 0 or m and k 1 = 0 or m 1 . By the similar argument used in the proof of Proposition 2.2(2), we obtain x = y = 0, z = ±1 and n = n 1 . Furthermore, we have
Since pv − qu = ±1, and Then we have a = p, b = qk, ck = u, d = v, and note that
It follows that 
If d is odd, then c is even and thus u is even. So 2w ± 1 = −uγ + (1 ± d)α is even, which is a contradiction. Thus d is even and so we have that b = qk is odd. Thus q and k are odd. Note that α is odd if and only if γ is even. Hence α + γ is odd. For the converse, suppose that k is odd and α + γ is odd. Then k = 4s ∓ 1. Thus 
given by E 6 , S 6 , T 6 :
, y − n − β m z, −z , This yields 4 types of normal free Abelian subgroups of B 2 and thus proves our corollary. ✷ 
given by E 3 , S 3 , T 3 :
, y + z, −z , 
